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Abstract: In the double line basis, we compute the resummed gluon propagator in
a holonomous plasma which is described by introducing a constant background field for
the vector potential A0. Due to the transversality of the gluon self-energy, the resummed
propagator determined by the Dyson-Schwinger equation has a similar Lorentz structure
as that in the perturbative Quark-Gluon Plasma where the holonomy vanishes. As for the
color structures, since diagonal gluons are mixed in the over-complete double line basis,
only the propagators for off-diagonal gluons can be determined unambiguously. On the
other hand, multiplied by a projection operator, the propagators for diagonal gluons are
uniquely obtained after summing over the color indices and the result exhibits a highly
non-trivial dependence on the background field. In addition, we also consider the static
limit of the resummed gluon propagator in the coordinate space and analyze the Debye
screening effect on the in-medium binding of quarkonia with emphasize on the influences
from a small but non-zero background field.
Keywords: Resummed gluon propagator, Debye Screening, Holonomous Plasma, Ther-
mal field theory
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1 Introduction
At high temperatures, the properties of the Quark-Gluon Plasma (QGP) created during
the ultrarelativistic heavy-ion collisions can be computed in the Hard-Thermal-Loop (HTL)
resummed perturbation theory. On the other hand, at low temperatures, the confined phase
can be modeled by a hadron resonance gas. The challenge appears in the intermediate
region, termed as “semi”-QGP where neither of the above mention theoretical tools is
reliable since the effects of non-perturbative physics play an important role.
As the order parameter for deconfinement in SU(N) gauge theory, the values of
Polyakov loop are non-zero but less than unity in “semi”-QGP. The partial deconfine-
ment can be described by introducing non-zero holonomy for Polyakov loops. To do so,
one can consider a classical background field Acl0 as a diagonal, traceless color matrix for
the time-like component of the vector potential. Thermodynamics of a holonomous plasma
can be analysed by computing the effective potential in the (constant) background field Acl0
which takes the eigenvalues of the thermal Wilson line as variables[1–10]. Perturbatively,
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the effective potential reaches a minimum when the background field vanishes. Therefore,
a complete deconfinement happens at all temperatures. In order to drive the transition to
confinement, non-perturbative terms have been added which generate complete eigenvalue
repulsion in the confining phase. Constructed in such a way, the matrix models have been
widely studied in recent years, not only for pure gauge theories, but also for Quantum
ChromoDynamics (QCD) with dynamical quarks[11–15].
The physics in “semi”-QGP is of particular interest because the temperatures probed
in most of the high energy experiments carried out at the Relativistic Heavy Ion Collider
(RHIC) and the Large Hadron Collider (LHC) are not far above the critical temperature.
Besides the thermodynamical properties, physical quantities near thermal equilibrium have
also been investigated with nonzero holonomy for Polyakov loops which exhibit different
behaviors as compared to those in the perturbative QGP. For example, the shear viscosity
computed in “semi”-QGP is suppressed near the critical temperature[16]. As ideal elec-
tromagnetic signals, the production of dileptons calculated in a matrix model has a mild
enhancement, conversely, the production of photons is strongly suppressed in the presence
of a background field[17, 18]. In addition, discussions on the transport coefficients as well
as the collisional energy loss of a heavy quark in “semi”-QGP can be found in Refs. [19–21].
For processes involving soft momentum exchange, it is necessary to use the resummed
propagator which is an important quantity needed in many theoretical and phenomeno-
logical applications. The resummed propagator includes arbitrary number of self-energy
insertions into the bare one and the corresponding expression is well-known in the pertur-
bative QGP where the value of Polyakov loop is unity. Viscous corrections to the resummed
propagator in thermal equilibrium has been studied in Refs. [22–26]. Furthermore, influ-
ence due to the presence of a magnetic field has also been considered in recent works[27–29].
On the other hand, when a background field is taken into account, the exact form of the
resummed gluon propagator with Acl0 6= 0 is not known so far although it has been involved
in previous studies. The use of this quantity in the above mentioned works relies on certain
approximations, for example, one needs to assume infinitely large number of the colors or
neglect an anomalous contribution ∼ T 3 in the gluon self-energy that appears only in the
non-zero background field.
The gluon self-energy in a holonomous plasma has been known for a long time[30], the
main obstacle to compute the resummed propagator lies in the complicated color structure
when one perform the inversion through the Dyson-Schwinger equation. In this paper, we
make a first attempt to calculate the resummed gluon propagator in “semi”-QGP charac-
terized by non-zero holonomy for general SU(N). In addition, as a simple application of
the obtained results, we also consider the Debye screening in such a plasma with emphasize
on the effect of non-zero background field Acl0 on the binding of in-medium quarkonium
states.
The rest of the paper is organized as the following. In section 2, we review some basics
of the double line basis which will be adopted in our calculation. In section 3, the bare
propagator denoted as (D0)
ab,cd
µν (P ab) in double line basis is discussed. This is an intuitive
example to illustrate the complicated color structure we encounter. For completeness,
in section 4, we list the expressions of gluon self-energy including both perturbative and
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the constrained contributions arising in the perturbation theory at one-loop order. In
section 5, the resummed gluon propagator D˜ab,cdµν (P ab) in a constant background field Acl0
is computed by using Dyson-Schwinger equation. Following a similar strategy as used
for the bare propagator, we perform the calculations for diagonal and off-diagonal gluons
separately. The former involves evaluating determinants of a series of matrices depending
solely on the background field while the later has a simple form analogous to that in
the perturbative QGP with zero holonomy. Based on the resummed gluon propagator,
in section 6, we analyze the screening effect in a holonomous plasma by considering the
Fourier transformed D˜ab,cdµν (P ab) in the static limit. A short summary is given in section
7. In addition, some details about the calculation procedures in this work are provided in
three appendices.
2 The inverse propagators at tree level in the double line basis
In the presence of a constant background field Acl0 , the double line basis has been widely
used in previous studies to compute the effective potential[8] as well as the quark/gluon
self-energies for SU(N) gauge theories[30]. For completeness, we will briefly review the
double line basis and give the inverse propagators at tree level for later use. More details
can be found in Refs. [31].
The generators of the fundamental representation are given by the projection operators,
(tab)cd =
1√
2
Pabcd , (2.1)
with
Pabcd = δac δbd −
1
N
δabδcd . (2.2)
For SU(N), these color indices a, b, c and d run from 1 to N . The N2 − N off-diagonal
generators with a 6= b are normalized as
tr(tabtba) =
1
2
. (2.3)
In addition, we have N diagonal generators taa which satisfy
tr(taatbb) =
1
2
(
δab − 1
N
)
. (2.4)
In the above equations, a and b are fixed indices and there is no summation over them. In
the double line basis, the number of generators for SU(N) is N2, therefore, this basis is
over-complete.
Here, the upper indices ab of the generators refer to the indices in the adjoint repre-
sentation which are denoted by a pair of the fundamental indices. The lower indices cd
refer to the matrix elements in the fundamental representation.
The Lagrangian of SU(N) gauge theory is given by
L = 1
2
tr(G2µν) and Gµν = ∂µAν − ∂νAµ − i[Aµ, Aν ] . (2.5)
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The gauge fields can be expanded around some fixed classical values as Aµ = A
cl
µ +gBµ and
Bµ corresponds to the quantum fluctuation. Including the gauge fixing term (the gauge
fixing parameter is denoted by ξ) and ghost fields η in the Lagrangian
Lgauge = 1
ξ
Tr (DclµBµ)
2 − 2Tr (η¯DclµDµη) , (2.6)
we can write down the corresponding terms related to the (inverse) gluon propagator at
tree level in the action, S = ∫ d4xL, as the following
S =
∫
d4xTr
{
Bµ
(
− (Dclρ )2δµν + (1−
1
ξ
)DclµD
cl
ν + 2ig[G
cl
µν , · · · ]
)
Bν
}
+ · · · . (2.7)
In the above equations, the classical covariant derivative is defined asDclµ = ∂µ−ig[Aclµ , · · · ].
We consider the classical background field as a constant diagonal matrix for the time-
like component of the vector potential, namely, (Acl0 )ab = Q
aδab with
∑N
a=1Q
a = 0 for
SU(N) gauge group. Consequently, the classical covariant derivative acting upon the fields
in the adjoint representation has a simple form in momentum space, Dclµ t
ab → −iP abµ tab
and the corresponding momentum associated with an adjoint color index ab reads
P abµ = (p
ab
0 ,p) = (ωn +Q
a −Qb,p) , (2.8)
where ωn is the Matsubara frequencies of bosons. Then it is straightforward to write down
the inverse bare gluon propagator in momentum space which can be expressed as
(D−10 )
ab,cd
µν (P
ab) =
δS
δBbaµ (P )δB
dc
ν (−P )
=
(
(P ab)2δµν − (1− 1
ξ
)P abµ P
ab
ν
)
Pab,cd . (2.9)
As one can see, this is a trivial generalization of (D−10 )
ab,cd
µν (P ) in the case where Acl0 = 0
since there is only a constant and color-dependent shift in the energies.
The inverse ghost propagator can be obtained in the same way and the result is given
by
δS
δηba(P )δη¯dc(−P ) = (P
ab)2Pab,cd . (2.10)
Adding the quark contribution ψ¯(6D + m)ψ to the pure gauge action, the inverse quark
propagator has the following explicit form1
δS
δψa(P )δψ¯b(−P ) = (−i6P
a +m)δab , (2.11)
where P aµ associated with a fundamental color index a is defined as P
a
µ = (p
a
0,p) = (ω˜n +
Qa,p) with ω˜n being the Matsubara frequencies of fermions.
The inverse quark propagator has a trivial color structure δab, therefore, the corre-
sponding bare propagator is a diagonal matrix in color space, explicitly, we have〈
ψa(P )ψ¯b(−P )
〉
=
δab
−i6P a +m . (2.12)
On the other hand, the inverse gluon/ghost propagator containing the projection opera-
tor Pab,cd and the color structure of the bare propagator is not as simple as the quark
propagator. We will give a detailed discussion in the next section.
1In the fundamental representation, the classical covariant derivative Dclµ = ∂µ − igA
cl
µ acting upon the
fermionic field ψa is Dclµψ
a(x)→ −iP aµψ
a(P ).
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3 The bare gluon propagator in a constant background field
Before we start to discuss the resummed gluon propagator, it is worthwhile to analyze the
color structure of the bare propagator in double line basis. As we will see later, there exists
an issue that the exact forms of the gluon propagators can not be uniquely determined.
Notice that for SU(N), the N2 −N off-diagonal generators tab with a 6= b are identical to
those in the Carton space, however, as compared to the N − 1 diagonal generators in the
Carton space, the N diagonal generators taa are over-completed which is believed to be
the original of such an ambiguity we will encounter. We want to point out that although
the discussion on the bare gluon propagator turns to be simple, the resummed propagator
which will be considered in Sec. 5 actually shares the very similar properties.
We rewrite the inverse bare propagator as given in Eq. (2.9) as
(D−10 )
ab,cd
µν (P
ab) =
[
(P ab)2
(
δµν −
P abµ P
ab
ν
(P ab)2
)
+
1
ξ
P abµ P
ab
ν
]
Pab,cd , (3.1)
where the mutually orthogonal projections δµν − (P abµ P abν )/(P ab)2 and P abµ P abν are the
natural extension of those used in Acl0 = 0. The unity in the Lorentz space is defined as
δµν while in the color space it is given by Pab,cd. Therefore, the gluon propagator Dab,cdµν
(either the bare propagator (D0)
ab,cd
µν or the resummed one D˜
ab,cd
µν ) satisfies the following
identity
∑
σ,ef
(D−1)ab,efµσ (P
ab) ·Dfe,cdσν (P fe) =
∑
σ,ef
Dab,efµσ (P
ab) · (D−1)fe,cdσν (P fe) = δµνPab,cd . (3.2)
The bare gluon propagator (D0)
ab,cd
µν (P ab) used in Ref. [30] reads
[
δµν − (1− ξ)
P abµ P
ab
ν
(P ab)2
]
1
(P ab)2
Pab,cd , (3.3)
and one can easily check the above form of the propagator satisfies the desired identity,
Eq. (3.2). However, as we will show, Eq. (3.3) is not a unique solution and the bare
propagator is not necessary to be proportional to the projection operator Pab,cd. More
generally, we assume the following form for the bare propagator
(D0)
ab,cd
µν (P
ab) = X ab,cd0
(
δµν −
P abµ P
ab
ν
(P ab)2
)
+ Zab,cd0 P abµ P abν . (3.4)
We first consider the bare propagator for off-diagonal gluons which is denoted as (D0)
ab,cd
µν
with a 6= b. By definition, we can show that
∑
ef,σ
(D−10 )
ab,ef
µσ (P
ab) · (D0)fe,cdσν (P fe)
a6=b
====
∑
σ
(D−10 )
ab,ba
µσ (P
ab)(D0)
ab,cd
σν (P
ab) ,
= (P ab)2X ab,cd0
(
δµν −
P abµ P
ab
ν
(P ab)2
)
+
1
ξ
Zab,cd0 P abµ P abν = Pab,cdδµν
a6=b
==== δadδbcδµν . (3.5)
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This equation holds when the following conditions are satisfied

(P ab)2X ab,cd0 = δadδbc
− δadδbc 1
(P ab)2
+
1
ξ
Zab,cd0 (P ab)2 = 0
(3.6)
This leads to the results X ab,cd0 = δadδbc/(P ab)2 and Zab,cd0 = ξδadδbc/(P ab)4 for a 6= b.
Therefore, we find
(D0)
ab,cd
µν (P
ab)
a6=b
==== δadδbc
{
1
(P ab)2
(
δµν −
P abµ P
ab
ν
(P ab)2
)
+
ξ
(P ab)4
P abµ P
ab
ν
}
. (3.7)
Alternatively, one can consider
∑
σ,ef (D0)
ab,ef
µσ (P ab) · (D−10 )fe,cdσν (P fe) = δµνPab,cd with
c 6= d. Consequently, (D0)ab,cdµν (P ab) with c 6= d can be determined which is identical
to Eq. (3.7) as expected. In addition, the above result also indicates vanishing gluon
propagators (D0)
aa,cd
µν (P ) and (D0)
cd,aa
µν (P ) when c 6= d.
As we can see, the bare propagators for off-diagonal gluons can be uniquely determined
which have relatively simple color structures proportional to the projection operator Pab,cd.
The only non-vanishing component (D0)
ab,ba
µν (P ab) for a 6= b is the same as the one used in
Ref. [30], see Eq. (3.3).
Next, we consider the bare propagators for diagonal gluons, (D0)
aa,cc
µν ≡ (D0)a,cµν . From
here on, the diagonal color index aa will be denoted by a single letter a in order to keep
the notation compact. Similarly, we have
∑
ef,σ
(D−10 )
a,ef
µσ (P ) · (D0)fe,cσν (P fe) =
(
P 2X a,c0 −
P 2
N
∑
e
X e,c0
)(
δµν − PµPν
P 2
)
+
(
P 2
ξ
Za,c0 −
P 2
Nξ
∑
e
Ze,c0
)
PµPν = Pa,cδµν .
(3.8)
It leads to the following equations

P 2X a,c0 −
P 2
N
∑
e
X e,c0 = Pa,c
− 1
P 2
Pa,c +
(
P 2
ξ
Za,c0 −
P 2
Nξ
∑
e
Ze,c0
)
= 0
(3.9)
We start with the first equation for X a,c0 . For a given c, there are N equations correspond
to a = 1, 2, · · · , N . However, they are not completely independent. Because ∑aPa,cd = 0,
any equation can be derived from the other N − 1 equations. Therefore, we drop the
equation with a = c and the other N − 1 independent equations for X a,c0 can be written as
(1− 1
N
)(X a,c0 − X c,c0 )−
1
N
∑
e 6=a,c
(X e,c0 −X c,c0 ) = −
1
NP 2
, a = 1, · · · , c− 1, c+ 1, · · · , N .
(3.10)
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Instead of X a,c0 , we consider X a,c0 −X c,c0 with a 6= c. For a fixed c, there are N−1 unknowns
in Eq. (3.10). The coefficient matrix reads

1− 1N − 1N · · · − 1N
− 1N 1− 1N · · · − 1N
...
...
. . .
...
− 1N − 1N · · · 1− 1N

 , (3.11)
which is a (N − 1) × (N − 1) symmetric matrix with 1 − 1N being the diagonal elements
and − 1N for other elements. The determinant of this matrix can be calculated for general
SU(N) and the result simply equals 1N . Using Cramer’s rule, it is straightforward to obtain
the solutions of Eq. (3.10) and the N2 −N unknowns X a,c0 − X c,c0 are all equal to −1/P 2
where a, c = 1, 2, · · · , N and c 6= a.
Similarly, the N − 1 independent equations for Za,c0 −Zc,c0 are given by
(1− 1
N
)(Za,c0 −Zc,c0 )−
1
N
∑
e 6=a,c
(Ze,c0 −Zc,c0 ) = −
ξ
NP 4
, a = 1, · · · , c− 1, c+ 1, · · · , N ,
(3.12)
which suggests a simple relation Za,c0 −Zc,c0 = ξP 2 (X
a,c
0 − X c,c0 ). As a result, we have

X a,c0 = X c,c0 −
1
P 2
Za,c0 = Zc,c0 −
ξ
P 4
, a 6= c . (3.13)
On the other hand, we should also consider∑
ef,σ
(D0)
a,ef
µσ (P ) · (D−10 )fe,cσν (P fe) = Pa,cδµν , (3.14)
which determines the unknowns X a,c0 − X a,a0 and Za,c0 − Za,a0 . Following exactly the same
procedure as the above, we can further show that

X a,c0 = X a,a0 −
1
P 2
Za,c0 = Za,a0 −
ξ
P 4
, a 6= c . (3.15)
Summing up Eqs. (3.13) and (3.15), the relations among the unknowns in the propagator
are found as 

X c,a0 = X a,c0 = X a,a0 −
1
P 2
= X c,c0 −
1
P 2
Zc,a0 = Za,c0 = Za,a0 −
ξ
P 4
= Zc,c0 −
ξ
P 4
, a 6= c . (3.16)
The above result shows that the bare propagators (D0)
a,c
µν (P ) can be uniquely deter-
mined as long as any one component (such as (D0)
1,1
µν (P ) or (D0)
1,2
µν (P )) is specified. In
general, we can only get the following expression
(D0)
a,a
µν (P )− (D0)c,aµν (P ) = (D0)a,aµν (P )− (D0)a,cµν (P ) =
[
δµν − (1− ξ)PµPν
P 2
]
1
P 2
. (3.17)
– 7 –
Eq. (3.17) is familiar which is the same as the bare propagators for the N2 − 1 gluons
when the standard choice for the generators of a gauge group is adopted2. Furthermore,
it is interesting to point out that if one special constraint
∑
a(D0)
a,c
µν (P ) = 0 is imposed,
the diagonal gluon propagators can be uniquely determined which are identical to those in
Eq. (3.3).
Although the exact form of the diagonal gluon propagator (D0)
a,c
µν can not be specified
without extra constraint, the above obtained results already show that, like the inverse
bare gluon propagator, (D0)
ab,cd
µν (P ab) is also symmetric when we flip the Lorentz and/or
color indices, namely (D0)
ab,cd
µν (P ab) = (D0)
dc,ba
νµ (P dc). As a consequence,
∑
σ,ef (D
−1
0 )
ab,ef
µσ ·
(D0)
fe,cd
σν = δµνPab,cd will automatically lead to
∑
σ,ef (D0)
ab,ef
µσ · (D−10 )fe,cdσν = δµνPab,cd and
vice versa.
On the other hand, the ambiguity of the bare gluon propagator (D0)
a,c
µν (P ) doesn’t turn
to be a problem. Generally speaking, not the individual components of the propagator, but
some proper combinations of them are physically interesting. For example, the quantity∑
abcd Pab,cdDab,cdµν (P ab) is the one we are interested since it is related to the in-medium
screening effect and will be studied in Sec. 6. With the above results, we can show that
∑
abcd
Pab,cd(D0)ab,cdµν (P ab) =
∑
ab
(D0)
ab,ba
µν (P
ab)− 1
N
∑
ac
(D0)
aa,cc
µν (P )
=
∑
ab
′
(D0)
ab,ba
µν (P
ab)− 1
N
∑
ac
′
(D0)
aa,cc
µν (P ) + (1−
1
N
)
∑
a
(D0)
aa,aa
µν (P )
=
∑
ab
′
(D0)
ab,ba
µν (P
ab) + (N − 1)
[
δµν − (1− ξ)PµPν
P 2
]
1
P 2
. (3.18)
In the above equation, we have used Eqs. (3.13) and (3.15). (D0)
ab,ba
µν (P ab) for a 6= b can
be found in Eq. (3.7) and
∑′ indicates terms with a = b are excluded. The previous
ambiguity doesn’t show up in the summation in Eq. (3.18) where the diagonal gluons don’t
affected by the background filed while for the off-diagonal gluons there is a simple shift in
the energies, i.e., p0 → pab0 . For vanishing background filed, the above result reduces to
∑
abcd
Pab,cd(D0)ab,cdµν (P ) = (N2 − 1)
[
δµν − (1− ξ)PµPν
P 2
]
1
P 2
. (3.19)
Finally, we mention that the bare ghost propagator shares similar properties as the
gluon propagator. The corresponding discussion can be carried out using exactly the same
method as above.
4 The gluon self-energy in a constant background field
We are interested in the resummed gluon propagators D˜ab,cdµν (P ab) based on which one
can analyze the screening effects induced by the light partons in a holonomous plasma.
According to our discussions on the bare propagators, one could naturally expect that
2In this case, the propagator is proportional to δAB where A and B refer to adjoint indices running from
1 to N2 − 1 for SU(N).
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similar as the bare ones, the individual components of the diagonal gluon propagators
D˜a,bµν (P ) can not be uniquely determined. On the other hand, this ambiguity is absent in
some special combinations, such as
∑
abcd Pab,cdD˜ab,cdµν (P ab). More importantly, one may
wonder how the resummed gluon propagator in the perturbative QGP would be modified
by the constant background field in a holonomous plasma.
The above mentioned issues can be clarified by computing the resummed gluon prop-
agator D˜ab,cdµν (P ab) based on the Dyson-Schwinger equation where the gluon self-energy
Πab,cdµν (P ab) needs to be inserted. Π
ab,cd
µν (P ab) at one-loop order has been calculated in
Ref. [30] within HTL approximation where Eq. (3.3) was used for the bare propaga-
tors. Although one can choose other possible forms for the diagonal propagators, the
obtained gluon self-energy doesn’t depend on any specific choice. In fact, this is easy to
see by considering the bare propagator and its associated structure constant fab,cd,ef =
i(δadδcf δeb − δaf δcbδed)/√2. For the contribution from gluon-loop diagram, we have the
color summation
∑
ab f
ef,gh,abDab,cdµν (P ab) for each bare gluon propagator. Here, only diag-
onal components matter, therefore, we need to show∑
a
f ef,gh,aa(D0)
a,c
µν (P ) = f
ef,gh,cc(D0)
c,c
µν(P ) +
∑
a6=c
f ef,gh,aa(D0)
a,c
µν (P )
=
[
δµν − (1− ξ)PµPν
P 2
]
1
P 2
f ef,gh,cc +
∑
a
f ef,gh,aa(D0)
d,c
µν (P )
=
[
δµν − (1− ξ)PµPν
P 2
]
1
P 2
f ef,gh,cc . (4.1)
In the above equation, all the color indices except a are fixed and c 6= d applies. In
the second line of this equation, we have used the relation given in Eq. (3.17). Clearly,
there is no ambiguity appearing after summing over the color indices. The same analysis
also applies to the ghost-loop diagram. In addition, such an issue doesn’t show up in the
bare quark propagator, therefore, the perturbative gluon self-energy has been uniquely
determined although a specified form of the gluon/ghost bare propagator was used in
Ref. [30].
For completeness, we also list the explicit result of the HTL gluon self-energy in a
constant background field which reads
Πab,cdpert;µν(P
ab) =
(
Kab,cd(q) + (m2gl)ab,cd (q))(ΠT (P ab)Aµν(P ab) + ΠL(P ab)Bµν(P ab))
− Kab,cd(q)MµMν , (4.2)
where
Kab,cd(q) = −4pi
3
g2T 3
pab0
δadδbc
N∑
e=1
(
B3(q
ae) +B3(q
eb)
)
(4.3)
and
(
m2gl
)ab,cd
(q) = g2T 2
[
δadδbc
N∑
e=1
(
B2(q
ae) +B2(q
eb)
)
− 2δabδcdB2(qac)
]
. (4.4)
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In the above equations, qab ≡ qa − qb and qa = Qa/(2piT ). In addition, we also use q to
denote any arbitrary qa for a = 1, 2, · · · , N . The Bernoulli polynomials Bn(x) are periodic
functions of x, with period 1. For 0 ≤ x ≤ 1, B2(x) and B3(x) as relevant in the present
work take the following forms
B2(x) = x
2 − x+ 1
6
, B3(x) = x
3 − 3
2
x2 +
1
2
x . (4.5)
For arbitrary values of x, the argument of the Bernoulli polynomials should be understood
as x− [x] with [x] the largest integer less than x, which is nothing but the modulo function.
For convenience, the gluon self-energy in Eq. (4.2) has been expressed in terms of the
mutually orthogonal projection operators which are defined as
Aµν(P
ab) = δµν −
P abµ P
ab
ν
(P ab)2
− M˜
ab
µ M˜
ab
ν
(M˜ab)2
,
Bµν(P
ab) =
(P ab)2
(M · P ab)2
M˜abµ M˜
ab
ν
(M˜ab)2
. (4.6)
Here, Mµ is the heat-bath vector, which in the local rest frame is given by Mµ = (1, 0, 0, 0)
and
M˜abµ =Mµ −
M · P ab
(P ab)2
P abµ , (4.7)
is the part that is orthogonal to P abµ . In addition, the two structure functions ΠT (P
ab) and
ΠL(P
ab) take similar forms as their counterparts in Acl0 = 0,
ΠT (P
ab) =
(ipab0 )
2
2p2
[
1− (ip
ab
0 )
2 − p2
2ipab0 p
ln
ipab0 + p
ipab0 − p
]
,
ΠL(P
ab) =
(ipab0 )
2
p2
[
ipab0
2p
ln
ipab0 + p
ipab0 − p
− 1
]
, (4.8)
where p = |p|.
For vanishing background field, the new hard thermal loop Kab,cd doesn’t contribute
while Eq. (4.4) becomes the perturbative Debye mass square m2D = Ng
2T 2/3 times the
projection operator Pab,cd. As a result, Eq. (4.2) reduces to the following well-known
result3,
Πab,cdpert;µν(P, q = 0) = m
2
D
[
ΠT (P )Aµν(P ) + ΠL(P )Bµν(P )
]
Pab,cd . (4.9)
According to the identity P abµ Π
ab,cd
pert;µν(P
ab) = −pab0 Kab,cd(q)Mν , the gluon self-energy as
given in Eq. (4.2) is no longer transverse when taking into account a non-zero background
filed. However, as shown in Ref. [10], gauge invariant sources, which are nonlinear in
the gauge potential A0, generate a novel constrained contribution to the gluon self-energy
3Like the bare gluon propagator, if the standard choice for the generators is used, we will have δAB
instead of Pab,cd in Eq. (4.9). In this case, the gluon self-energy is a diagonal matrix in color space with
equal non-zero elements.
– 10 –
at one-loop order in the perturbation theory, Πab,cdcons;µν(P ab) = Kab,cd(q)MµMν . It exactly
cancels the last term in Eq. (4.2) and ensures the total gluon self-energy Πab,cdµν (P ab) remains
transverse,
Πab,cdµν (P
ab) =
(
Kab,cd(q) + (m2gl)ab,cd (q))(ΠT (P ab)Aµν(P ab) + ΠL(P ab)Bµν(P ab)) .
(4.10)
Finally, it is worth to mention that the above gluon self-energy is symmetric under the
exchange of the Lorentz indices µ↔ ν as well as the color indices a↔ d and b↔ c.
5 The resummed gluon propagator in a constant background field
Given the above result for the gluon self-energy, we can compute the resummed gluon
propagator D˜ab,cdµν (P ab) by using the Dyson-Schwinger equation. In covariant gauge, the
inverse propagator can be formally written as
(D˜−1)ab,cdµν (P
ab) =
[
(P ab)2δµν − P abµ P abν (1−
1
ξ
)
]
Pab,cd +Πab,cdµν (P ab)
≡ Aab,cdAµν(P ab) + Bab,cdBµν(P ab) + Cab,cdP abµ P abν , (5.1)
where
Aab,cd = δadδbc
[
(P ab)2 + FT (q
a, qb, P ab)
]
+ δabδcd
[
− 1
N
P 2 +GT (q
a, qc, P )
]
,
Bab,cd = δadδbc
[
(pab0 )
2 + FL(q
a, qb, P ab)
]
+ δabδcd
[
− 1
N
p20 +GL(q
a, qc, P )
]
,
Cab,cd = δadδbc 1
ξ
− δabδcd 1
Nξ
. (5.2)
In the above equation, the modified structure functions are defined by
FT/L(q
a, qb, P ab) = g2T 2ΠT/L(P
ab)
[∑
e
(
B2(q
ae) +B2(q
eb)
)
− J(qa, qb, pab0 )
]
,
GT/L(q
a, qc, P ) = −2g2T 2ΠT/L(P )B2(qac) , (5.3)
with
J(qa, qb, pab0 ) =
4pi
3
T
pab0
∑
e
(
B3(q
ae) +B3(q
eb)
)
. (5.4)
With the constrained contribution to the gluon self-energy, the Lorentz structure of the
resummed propagators is a trivial generalization of that in Acl0 = 0 where three projection
operators Aµν(P
ab), Bµν(P
ab) and P abµ P
ab
ν are all orthogonal to each other. In addition, due
to the symmetries of Πab,cdµν (P ab), the inverse propagator (D˜−1)ab,cdµν (P ab) is also invariant
under the following exchanges of indices, µ ↔ ν, a ↔ d and b ↔ c. Using the fact that∑
cGT/L(q
a, qc, P ) = −FT/L(qa, qa, P ), we find
∑
cAab,cc =
∑
cAcc,ab = 0 and the same
relation holds for Bab,cd and Cab,cd. Therefore, one can easily show the following identities∑
c
(D˜−1)ab,ccµν (P ) =
∑
c
(D˜−1)cc,abµν (P ) = 0 . (5.5)
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Eq. (5.5) is essential which ensures the resummed gluon propagators share the very similar
properties as the bare ones. As a result, the corresponding discussions in Sec. 3 can be
generalized to the resummed solutions straightforwardly. In general, the resummed gluon
propagator can be written as
D˜ab,cdµν (P
ab) = X ab,cdAµν(P ab) + Yab,cdBµν(P ab) + Zab,cdP abµ P abν . (5.6)
In the rest of this section, the calculations of D˜ab,cdµν (P ab) for diagonal and off-diagonal
gluons will be carried out separately.
5.1 Resummed propagators for off-diagonal gluons
For off-diagonal gluons, the color structure in D˜ab,cdµν (P ab) with a 6= b turns to be simple
which is similar as that in Eq. (3.5). From the basic definition,∑
ef,σ
(D˜−1)ab,efµσ (P
ab)D˜fe,cdσν (P
fe)
a6=b
====
∑
σ
(D˜−1)ab,baµσ (P
ab)D˜ab,cdσν (P
ab)
= Pab,cdδµν a6=b==== δadδbcδµν , (5.7)
we can get
X ab,cd
[
(P ab)2 + FT (q
a, qb, P ab)
]
Aµν(P
ab) +
1
ξ
Zab,cdP abµ P abν
+
[
(pab0 )
2 + FL(q
a, qb, P ab)
](P ab)2
(pab0 )
2
Yab,cdBµν(P ab) a6=b==== δadδbcδµν . (5.8)
It follows that the coefficient of δµν should equal δ
adδbc while the coefficients of the other
tensor structures in Lorentz space, for example, of MµMν ,MµP
ab
ν and P
ab
µ P
ab
ν , should
vanish. Therefore, we arrive at the following result
D˜ab,cdµν (P
ab)
a6=b
==== δadδbc
{
1
(P ab)2 + FT (qa, qb, P ab)
Aµν(P
ab)
+
(pab0 )
4/(P ab)4
(pab0 )
2 + FL(qa, qb, P ab)
Bµν(P
ab) +
ξ
(P ab)4
P abµ P
ab
ν
}
. (5.9)
The above expression is symmetric under the exchanges of Lorentz and color indices,
µ↔ ν, a↔ d and b↔ c, therefore, the following two matrices are commutable as required,
namely ∑
ef,σ
(D˜−1)ab,efµσ (P
ab)D˜fe,cdσν (P
fe)
a6=b
====
∑
ef,σ
D˜ab,efµσ (P
ab)(D˜−1)fe,cdσν (P
fe) . (5.10)
In the presence of a non-zero background field, Eq. (5.9) can be considered as a nat-
ural extension of the resummed propagator in the perturbative QGP[32] because they are
structurally similar. As for the corrections from the background field, beside the shift in
the energies, i.e., p0 → pab0 , there are also modifications on the structure functions as given
in Eq. (5.3). On the other hand, the resummed propagators for diagonal gluons behave
quite differently which involve a more complicated expression and will be discussed next.
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5.2 Resummed propagators for diagonal gluons
By definition, the diagonal components of the resummed propagator satisfy∑
e,σ
(D˜−1)a,eµσ (P )D˜
e,c
σν (P ) = Pa,cδµν . (5.11)
Taking into account the relation given in Eq. (5.5), the basic method for performing
this computation is indeed very similar as what we have done for the bare propagators.
For a given c, we drop one equation with a = c and the other N − 1 independent equations
correspond to a = 1, · · · , c− 1, c+ 1, · · · , N can be written as
∑
e
Aa,eX e,c = Aa,a(X a,c − X c,c) +
∑
e 6=a,c
Aa,e(X e,c − X c,c) = − 1
N
, (5.12)
where the term Aa,cX c,c has been rewritten as −∑e 6=cAa,eX c,c. Unlike the coefficient
matrix in Eq. (3.11) which is independent on the background field, with the insertion of
the gluon self-energy contribution, we can not find a simple expression for the corresponding
determinant for general SU(N). In general, the N2−N unknowns X a,c−X c,c in Eq. (5.12)
are not equal although uniquely determinable by using the Cramer’s rule4. Equations for
Ya,c − Yc,c and Za,c −Zc,c (c is fixed and a 6= c) can be obtained in a similar way as
Ba,a(Ya,c − Yc,c) +
∑
e 6=a,c
Ba,e(Ye,c − Yc,c) = − 1
N
p40
P 4
, (5.13)
(1− 1
N
)(Za,c −Zc,c)−
∑
e 6=a,c
1
N
(Ze,c −Zc,c) = − ξ
N
1
P 4
, (5.14)
Notice that the equations for Za,c−Zc,c have no dependence on the background field which
are identical to Eq. (3.12) for Za,c0 −Zc,c0 .
To proceed further, we also consider∑
e,σ
D˜a,eµσ (P )(D˜
−1)e,cσν (P ) = Pa,cδµν , (5.15)
which leads to the following equation for X a,c − X a,a
Ac,c(X a,c − X a,a) +
∑
e 6=a,c
Ae,c(X a,e − X a,a) = − 1
N
. (5.16)
Comparing with Eq. (5.12) and using the fact that Aa,b = Ab,a, one can show X a,b = X b,a.
Similarly, Ya,b is also unchanged when we flip the color indices, Ya,b = Yb,a.
According to Eq. (5.15), Za,c−Za,a also satisfies the same equations as the bare ones.
Together with Eq. (5.14), we arrive at
Zc,a = Za,c = Za,a − ξ
P 4
= Zc,c − ξ
P 4
, (a 6= c) . (5.17)
4Here, we need to make an assumption that the determinant of the coefficient matrix is non-zero.
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On the other hand, for general N , explicit solutions for Eqs. (5.12) and (5.13) can not be
obtained although they are formally solvable. The reason is that calculating determinants
of the (N − 1)× (N − 1) matrices turns to be very hard due to the non-trivial dependence
on the background field.
We should mention that for a 6= c, Eq. (5.17) indicates that Za,a = Zc,c. However,
X a,a − X c,c and Ya,a − Yc,c in general depend on the background field and only vanish
when q = 0.
In order to demonstrate the above method in a more explicit way, we take SU(3) as
an example to calculate the resummed propagators for diagonal gluons in appendix A.
Besides D˜a,cµν − D˜c,cµν , the results for individual components D˜a,cµν , which could be useful in
other related studies, are also obtained under an extra constraint
∑
e D˜
e,c
µν (P ) = 0. The
generalization to arbitrary N is in principle straightforward, however, as just mentioned,
computation of the determinants of large matrices will be the major obstacle.
Multiplied by the projection operator, the color summation
∑
abcd Pab,cdD˜ab,cdµν (P ab)
is a quantity of particular interest which can also be uniquely determined by following a
similar discussion as the bare ones,
∑
abcd
Pab,cdD˜ab,cdµν (P ab) =
∑
ab
′
D˜ab,baµν (P
ab)− 1
N
[∑
ac
′
D˜a,cµν (P )− (N − 1)
∑
a
D˜a,aµν (P )
]
=
∑
ab
′
D˜ab,baµν (P
ab)− 1
N
[
2
∑
a>c
D˜a,cµν (P )− (N − 1)
∑
a
D˜a,aµν (P )
]
=
∑
ab
′
D˜ab,baµν (P
ab)− 1
N
∑
a>c
[
D˜a,cµν (P ) + D˜
c,a
µν (P )− D˜a,aµν (P )− D˜c,cµν (P )
]
.
(5.18)
In the above equation, terms containing off-diagonal components can be determined by
Eq. (5.9). For vanishing background field, it can be shown that the N2 − N off-diagonal
gluons contribute equally and we get the following familiar form
∑
ab
′
D˜ab,baµν (P, q = 0) = (N
2 −N)
{
1
P˜ 2
Aµν(P ) +
(p0)
4/P 4
p˜20
Bµν(P ) +
ξ
P 4
PµPν
}
, (5.19)
where
P˜ 2 = P 2 +
N
3
g2T 2ΠT (P ) , p˜
2
0 = p
2
0 +
N
3
g2T 2ΠL(P ) . (5.20)
In addition, contributions from other therms with diagonal components can be expressed
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as∑
a,b
Pa,bD˜a,bµν (P ) = −
1
N
∑
a>b
[
D˜a,bµν (P ) + D˜
b,a
µν (P )− D˜a,aµν (P )− D˜b,bµν(P )
]
= (N − 1) ξ
P 4
PµPν +
1
P˜ 2
∑N−2
k=0
(
6
N
)k(
1− P 2
P˜ 2
)k
(N − k − 1)S˜k∑N−1
k=0
(
6
N
)k(
1− P 2
P˜ 2
)k
S˜k
Aµν(P )
+
(p0)
4/P 4
p˜20
∑N−2
k=0
(
6
N
)k(
1− p20
p˜20
)k
(N − k − 1)S˜k∑N−1
k=0
(
6
N
)k(
1− p20
p˜20
)k
S˜k
Bµν(P ) . (5.21)
In the above equation, the summation of a series of determinants is defined as
S˜k =
∑
a{k}
∣∣∣∣∣∣∣∣∣∣
A˜a1,a1 A˜a1,a2 · · · A˜a1,ak
A˜a2,a1 A˜a2,a2 · · · A˜a2,ak
...
...
. . .
...
A˜ak,a1 A˜ak,a2 · · · A˜as,ak
∣∣∣∣∣∣∣∣∣∣
, (5.22)
with
A˜a,b =
∑
e
Bˆ2(q
ae)δab − Bˆ2(qab)(1− δab) , Bˆ2(qab) = B2(qab)− 1
6
. (5.23)
In addition, the shorthand notation a{k} denotes to a set of indices a1, a2, · · · ak which run
from 1 to N and satisfy a1 < a2 < · · · < ak. Details about the derivation of Eq. (5.21) can
be found in Appendix B.
We emphasize that Eq. (5.21) only presents a formal solution for the diagonal contribu-
tions which have rather complicated structures in the color space. The virtue of Eq. (5.21)
is that all the background field dependences have been cast into the determinants which
vanish when q = 0. For a given k, there are C kN (the binomial coefficient) terms in the
summation S˜k and complications will dramatically increase when N is getting larger.
In the perturbative QGP with zero background field, Eq. (5.21) reduces to a very
simple form as Eq. (5.19)
∑
a,b
Pa,bD˜a,bµν (P, q = 0) = (N − 1)
{
1
P˜ 2
Aµν(P ) +
(p0)
4/P 4
p˜20
Bµν(P ) +
ξ
P 4
PµPν
}
. (5.24)
As expected, the result of
∑
abcd Pab,cdD˜ab,cdµν (P, q = 0) computed in the double line basis
is identical to that obtained by using the standard generators of SU(N) where the N2 − 1
gluons give equal contributions.
According to Eq. (5.21), in principle,
∑
a,b Pa,bD˜a,bµν (P ) depends on all the diagonal
propagators D˜a,bµν (P ). However, it is interesting to point out that this color summation
can be simply expressed in terms of D˜a,aµν (P ) if the special constraint
∑
e D˜
e,a
µν (P ) = 0 with
a = 1, 2, · · · , N is adopted. For general SU(N), it can be shown that∑
a,b
Pa,bD˜a,bµν (P ) = (−
1
N
)
∑
a,b
′
D˜a,bµν (P ) + (1−
1
N
)
∑
a
D˜a,aµν (P ) =
∑
a
D˜a,aµν (P ) . (5.25)
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6 The screening effect in a holonomous plasma
As a direct application of the obtained results, we will consider the static limit of the
resummed gluon propagator in a constant background field which is expected to provide
information about the screening effect in a holonomous plasma.
The definition of the heavy quark(HQ) potential through the Fourier transform of
D˜ab,cd00 (p0 = 0) can be formulated as the following
VQQ(r) =
(igγ0)
2
N
∑
colors
∫
d3p
(2pi)3
eip·r(tab)efD˜
ab,cd
00 (p0 = 0)(t
cd)fe
= − g
2
2N
∑
colors
∫
d3p
(2pi)3
eip·rPab,cdD˜ab,cd00 (p0 = 0) , (6.1)
where the quark-gluon vertex reads igγµ(t
cd)ab in the double line basis and Tr (t
abtcd) =
1
2Pab,cd. In addition, all the color indices should be summed and an extra N in the denom-
inator denotes the color average of the heavy quarks. As we can see, Eq. (6.1) indicates
that
∑
abcd Pab,cdD˜ab,cd00 (P ) is actually the quantity in question which, as already shown,
can be uniquely determined without any extra constraint.
As a simple example, we consider the bare gluon propagator at vanishing background
field (D0)
ab,cd
00 (p0 = 0, q = 0) = Pab,cd/p2. Using the identity
∑
abcd Pab,cdPab,cd = N2 − 1,
Eq. (6.1) leads to the Coulomb potential −αsCF/r where αs = g2/(4pi) and CF = (N2 −
1)/(2N). However, in the static limit, the dependence on the gauge fixing parameter
ξ in Eq. (6.1) can be eliminated only in the special case where q = 0. Therefore, the
above definition of the HQ potential becomes problematic when off-diagonal gluons with q-
dependent momentum P abµ are involved. In general, a gauge-invariant definition of the HQ
potential can be obtained by studying a correlator of the electromagnetic currents which
satisfies a Schro¨dinger-type equation[33]. Performing such a computation in a holonomous
plasma is certainly important which we postpone to further works. For the off-diagonal
gluons, instead, we are going to investigate the influences due to the gluon self-energy by
looking at the difference between the resummed and bare propagators in the static limit
where the ξ-dependence is absent.
6.1 Screening effect from diagonal gluons
According to Eq. (5.21), the static limit of
∑
a,b Pa,bD˜a,b00 can be expressed as
∑
a,b
Pa,bD˜a,b00 (p0 = 0) = (N − 1)
1
p2 +m2D
∑N−2
k=0
(
6
N
)k( m2D
p2+m2D
)k
(N − k − 1)S˜k∑N−1
k=0
(
6
N
)k( m2D
p2+m2D
)k
(N − 1)S˜k
. (6.2)
In general, Fourier transforming the above equation to the coordinate space doesn’t lead
to a potential which has the exponentially screened from. On the other hand, due to the
periodicity of Bernoulli polynomials, S˜k actually depends on a set of variables ∆q
ij defined
as ∆qij ≡ |qij−nij| where nij is an integer that is closest to the value of qij. It is clear that
when ∆qij ≪ 1, the leading order contribution from S˜k is proportional to the kth power of
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∆qij , and thus gets suppressed when k is large5. Especially, in the limit where q → 0, only
the k = 0 term contributes in the summation over k. Then, it is easy to show∑
a,b
Pa,bD˜a,b00 (p0 = 0,∆qij = 0) = (N − 1)
1
p2 +m2D
, (6.3)
For small but non-zero q, the leading order correction to Eq. (6.3) can be approximated as
∑
a,b
Pa,bD˜a,b00 (p0 = 0) = (N − 1)
1
p2 +m2D
(
1 +
6
N(N − 1)
m2D
p2 +m2D
S˜1 +O
(
(∆qij)2
))−1
≈ (N − 1) 1
p2 +m2D
(
1 + 6N(N−1) S˜1
) . (6.4)
In the above equation, only terms linear in ∆qij should be taken into account in S˜1,
therefore, we have
S˜1 ≈ −2
∑
i<j
∆qij . (6.5)
Consequently, Eq. (6.4) can be formally expressed by a compact form∑
a,b
Pa,bD˜a,b00 (p0 = 0) ≈ (N − 1)
1
p2 + m˜2D
, (6.6)
where the modified screening mass m˜2D is given by
m˜2D = m
2
D
[
1− 12
N(N − 1)
∑
i<j
∆qij
]
. (6.7)
Performing the Fourier transform, both Eq. (6.3) and Eq. (6.6) lead to the well-known De-
bye screened potential. According to Eq. (6.7), a reduced screening effect can be expected
in a holonomous plasma as compared to the case where the background field vanishes.
By definition, 0 ≤ ∆qij ≤ 1/2 and the above discussion may not be well established
as ∆qij → 1/2. In the following, we also consider an arbitrary background field for SU(3)
without restricting ∆qij ≪ 1. In general, one can assume q1 = −q3 = s and q2 = 0 where
0 ≤ s ≤ 1/2. Such a parameterization of the background field corresponds to a real-valued
Polyakov loop.
Explicitly, the results of S˜1 and S˜2 are given by
S˜1 = 12s
2 − 8s , S˜2 = 27s4 − 42s3 + 15s2 . (6.8)
Plugging into Eq. (6.2), we arrive at
∑
a,b
Pa,bD˜a,b00 (p0 = 0) =
2
p2 +m2D
1 +
m2D
p2+m2D
(12s2 − 8s)
1 +
2m2D
p2+m2D
(12s2 − 8s) + 4m4D
(p2+m2D)
2 (27s4 − 42s3 + 15s2)
=
1
p2 +m2D(1− 6s+ 6s2)
+
1
p2 +m2D(1− 10s + 18s2)
. (6.9)
5In HTL approximation, the soft external momentum p ∼ gT and the factor
m2
D
p2+m2
D
is at the order of
O(1).
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This equation shows that the two diagonal gluons can be distinguished by their screening
masses, mD
√
1− 6s+ 6s2 and mD
√
1− 10s + 18s2. The two different masses are both
dependent on s and become identical only for vanishing background filed. As we will show,
the exact form of the HQ potential varies according to the values of the parameter s.
When s < (5 − √7)/18 ≈ 0.13, the s-dependent screening masses are both real and
smaller than mD. Therefore, the HQ potential obtained from Eq. (6.1) takes the Debye
screened form as6
VQQ(r) = −αs
6
e−rmD
√
1−6s+6s2
r
− αs
6
e−rmD
√
1−10s+18s2
r
. (6.10)
On the other hand, when s is getting very close to zero, the influence of the background
field can be considered as a perturbation to the ideal screened potential ∼ e−rmD/r at
vanishing holonomy. Up to the linear order in s, Eq. (6.10) can be expanded as
VQQ(r) ≈ −αs
3
e−rmD
r
− 4αs
3
mDe
−rmDs+O(s2) (6.11)
≈ −αs
3
e−rmD
√
1−8s
r
.
As shown in the second line of Eq. (6.11), under the same accuracy, namely, corrections
at ∼ s2 or higher orders are neglected, the influence of a small background field can be
effectively cast into a screening mass equalling mD
√
1− 8s. This is actually consistent
with the result in Eq. (6.7) where, for very small s, ∆q12 = ∆q23 = s and ∆q13 = 2s.
When (3 − √3)/6 < s < (5 + √7)/18, which is roughly 0.21 < s < 0.42, both
screening masses in Eq. (6.9) become imaginary and there exists poles on the real p-axis
when performing the Fourier transform. However, since these poles are simply first order,
using a principal part prescription, we can show the following result for the HQ potential
VQQ(r) = −αs
6r
cos
(
rmD
√
6s− 6s2 − 1
)
− αs
6r
cos
(
rmD
√
10s − 18s2 − 1
)
. (6.12)
Instead of the exponential function, the medium effect which weakens the binding of a
quarkonium state is now described by the cosine function. On the other hand, as com-
pared to the ideal screened potential, the above equation also shows a reduced screening
effect because the values of the cosine functions are always larger than the exponential
factor e−rmD for small quark pair separation r where our results based on the resummed
perturbation theory are applicable.
When the parameter s takes other values between 0 and 1/2, i.e., (5−√7)/18 < s <
(3−√3)/6 or (5+√7)/18 < s < 1/2, one of the diagonal gluons leads to the exponentially
screened potential, and the other provides a contribution as shown in Eq. (6.12). According
to the above discussions, regardless of the values of s, the corresponding potential is always
deeper than the ideal screened potential, which suggests a weaker screening, thus a more
tightly bounded quarkonium state in a holonomous plasma.
6In this subsection, VQQ(r) actually refers to the HQ potential associated with diagonal gluons, namely,
terms with a 6= b are excluded in the color summation in Eq. (6.1).
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We should mention that the generalization from N = 3 to arbitrary N is a highly non-
trivial work. For N > 3, the background field in general can not be parameterized with
a signal variable. In addition, it is unlikely that the resummed gluon propagator in static
limit, or to be more precise, the quantity
∑
a,bPa,bD˜a,b00 (p0 = 0) would be just inversely
proportional to p2 plus a q-dependent mass square. Therefore, the resulting potential may
take some other unknown forms that need further considerations. On the other hand,
for general SU(N), a definitive conclusion can be draw from the above analysis, that is,
introducing a small but non-zero background field merely amounts to modifications on the
Debye mass mD and the HQ potential associated with the diagonal gluons remains the
standard Debye screened form which can be expressed as
VQQ(r,∆q
ij ≪ 1) = −N − 1
2N
αs
r
e
−rmD
√
1− 12
N(N−1)
∑
i<j ∆q
ij
. (6.13)
6.2 Screening effect from off-diagonal gluons
The resummed propagator for off-diagonal gluons has a relatively simple form as given in
Eq. (5.9) which doesn’t contain complicated determinants. However, the corresponding
screening effect has to be analyzed with carefulness.
We start with the temporal component of the resummed propagator which reads
D˜ab,ba00 (P
ab) =
p2
(P ab)4
(pab0 )
2
(pab0 )
2 + FL(qa, qb, P ab)
+ ξ
(pab0 )
2
(P ab)4
. (6.14)
Setting p0 = 0 in Eq. (6.14), its static limit can be expressed as
D˜ab,ba00 (p0 = 0) =
p4
((Qab)2 + p2)2
1
p2 +Πab,ba00 (p0 = 0)
+ ξ
(Qab)2
((Qab)2 + p2)2
=
p4
((Qab)2 + p2)2
1
p2 + p
2
(Qab)2
FL(qa, qb, p0 = 0)
+ ξ
(Qab)2
((Qab)2 + p2)2
,
(6.15)
where
Πab,ba00 (p0 = 0) =
p2
(Qab)2
FL(q
a, qb, p0 = 0) = g
2T 2
[
1− iQ
ab
2p
ln
iQab + p
iQab − p
]
×
[∑
e
(
B2(q
ae) +B2(q
eb)
)
− 4pi
3
T
Qab
∑
e
(
B3(q
ae) +B3(q
eb)
)]
.(6.16)
In Eq. (6.15), the dependence on the gauge fixing parameter ξ results in an ill-defined
HQ potential according to Eq. (6.1). In fact, this is a newly arising problem because the
ξ-dependence won’t appear when the background field vanishes.
In the limit of vanishing background filed where q → 0, we can show the following
identity
T
∑
e
(
B3(q
ae) +B3(q
eb)
)
/Qab = N/(4pi) . (6.17)
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As a result, the resummed propagator becomes identical to the bare one, namely
D˜ab,ba00 (p0 = 0, q = 0) ≡ limq→0
(
D˜ab,ba00 (p0 = 0)
)
=
1
p2
. (6.18)
Notice that the ξ-dependence also goes away and we actually find a vacuum Coulomb
potential after performing the Fourier transform. This is consistent with Ref. [10] where,
after including the constrained contribution, the gluon self-energy for off-diagonal gluons
vanishes in the same limit.
On the other hand, if we set q = 0, then taking the static limit leads to the following
familiar form
D˜ab,ba00 (q = 0, p0 = 0) ≡ limp0→0
(
D˜ab,ba00 (q = 0)
)
=
1
p2 +m2D
. (6.19)
Therefore, each of the N2 −N off-diagonal gluons gives a contribution −αse−rmD/(2Nr)
to the HQ potential and the result has no ξ-dependence, either.
The above unexpected behavior has to be investigated further. In fact, the disconti-
nuity as q → 0 is also observed in the computation of the free energy to ∼ g3[9]. This
conundrum originates from the anomalous term ∼ Kab,cd(q) in the gluon self-energy which
probably needs to be removed by introducing a counter term in a non-perturbative way[34].
However, this is beyond our current scope.
In fact, with a special choose of the gauge fixing parameter, ξ = 1, the bare propagator
(D0)
ab,ba
00 (p0 = 0) already gives rise to a potential with the standard Debye screened form
7
(V0)
ab,ba
QQ (r) = −
αs
2N
e−rmabD
r
, (6.20)
where the q-dependent screening mass mabD is defined as m
ab
D = 2piT |qab| with a 6= b. With
non-zero background field, the static gluon self-energy develops a finite value which modifies
the screening determined by the bare propagator. Such a modification can be studied by
considering the difference between the (static) resummed and bare propagators which is
given by
∆Dab,ba00 (p0 = 0) = D˜
ab,ba
00 (p0 = 0)− (D0)ab,ba00 (p0 = 0)
=
p4
((Qab)2 + p2)2
1
p2 +Πab,ba00 (p0 = 0)
− p
2
((Qab)2 + p2)2
. (6.21)
In the above equation, the ξ-dependence in the propagator has been eliminated. Fourier
transforming ∆Dab,ba00 (p0 = 0) to the coordinate space, the gluon self-energy corrections to
the HQ potential at tree level can be obtained. Denoted as ∆V ab,baQQ (r), these corrections
read
∆V ab,baQQ (r) ≡ V ab,baQQ (r)− (V0)ab,baQQ (r) = −
g2
2N
∫
d3p
(2pi)3
eip·r∆Dab,ba00 (p0 = 0) . (6.22)
7Notice that V ab,baQQ (r) follows the same definition in Eq. (6.1) with the omission of the color summation.
We use it to denote the HQ potential associated with each individual off-diagonal gluon. In Eq. (6.20), an
extra subscript 0 indicates the potential is determined by the bare propagator.
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To proceed, one needs to specify the background field and compute ∆V ab,baQQ (r). For
simplicity, we consider SU(3) gauge group with the same parameterization of the back-
ground field as before. Restricting 0 < s < 1/2, the explicit forms of the static gluon
self-energy Πab,ba00 (p0 = 0) can be obtained as the following
Π12,2100 (p0 = 0) = Π
23,32
00 (p0 = 0) = g
2T 2s2
[
1− is
p/(piT )
ln
is+ p/(2piT )
is− p/(2piT )
]
,
Π13,3100 (p0 = 0) = g
2T 2s2(4− 1/s)
[
1− is
p/(2piT )
ln
2is + p/(2piT )
2is − p/(2piT )
]
. (6.23)
For the six off-diagonal gluons in SU(3), there exist two different gluon self-energies
as shown in Eq. (6.23). Π12,2100 (p0 = 0) is always positive while the sign of Π
13,31
00 (p0 = 0)
depends on the values of s. Even without detailed calculations, we can argue that the
correction ∆V 12,21QQ (r → 0) is positive which indicates an enhanced screening effect due
to the insertion of gluon self-energy. ∆V 13,31QQ (r → 0) shares the same property only for
0 < s < 1/4. When 1/4 < s < 1/2, it becomes negative and the screening determined by
the bare propagator gets reduced. Especially, ∆V 13,31QQ (r) vanishes at s = 1/4 for arbitrary
r, while ∆V 12,21QQ (r) still has a non-zero contribution.
In principle, Eq. (6.22) can be evaluated in a numerical way for any given s. On the
other hand, when the quark pair separation is very small, an analytical expression can be
obtained which, up to linear order in r, reads
∆V 12,21QQ (r) = ∆V
23,32
QQ (r) ≈
g4
192pi2
Ts(1− 4piTrs) , (6.24)
∆V 13,31QQ (r) ≈
g4T
384pi2
(4s− 1)(1 − 8piTrs) . (6.25)
Here, the first equation holds if r˜ < g˜2 ≪ 1 where r˜ = rm12D and g˜ = g/(2pi). While the
second equation applies when rˆ < |gˆ2s | ≪ 1 with rˆ = rm13D and gˆ2s = g˜2(1−1/(4s)). Details
of the above results can be found in Appendix C.
It is possible to write down a potential which takes the following screened form and
is in agreement with Eqs. (6.24) and (6.25) under the same constraint conditions, namely,
r˜ < g˜2 ≪ 1 for V 12,21QQ (r) and rˆ < |gˆ2s | ≪ 1 for V 13,31QQ (r). Choosing the gauge fixing
parameter ξ = 1, we find8
V 12,21QQ (r) = V
23,32
QQ (r) ≈ −
αs
12
e−r˜ (1+g˜/
√
2+g˜2/4) + e−r˜ (1−g˜/
√
2+g˜2/4)
r
, (6.26)
V 13,31QQ (r) ≈ −
αs
12
e−rˆ (1+gˆs/
√
2+gˆ2s/4) + e−rˆ (1−gˆs/
√
2+gˆ2s/4)
r
. (6.27)
To correctly reproduce the corrections linear in r, it seems inevitable to introduce two
screening masses for each off-diagonal gluon in the above equations. On the other hand,
when keep only the leading contribution in ∆V ab,baQQ (r), one can also define the modified
screening masses as m˜12D = m˜
23
D = m
12
D (1 + g˜
2/4) and m˜13D = m
13
D (1 + gˆ
2
s/4). With these
8gˆs is a pure imaginary number if s < 1/4. However, Eq. (6.27) is real and terms proportional to gˆ
n
s for
odd n won’t appear when expand with respect to gˆs.
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modified masses, the same conclusions as argued below Eq. (6.23) can be obtained and
the corresponding HQ potential is simply given by V ab,baQQ (r) ≈ −αse−rm˜
ab
D /(6r). It should
be noted that though some formal resemblance, unlike Eq. (6.10) for the diagonal gluons,
Eqs. (6.26) and (6.27) don’t correspond to the exact solutions and other possible forms
that could reproduce the results in Eqs. (6.24) and (6.25) do exist. However, with an
exponentially screened form, the above two equations are believed to be more useful in
other phenomenological applications.
The r-dependences of the off-diagonal corrections ∆V ab,baQQ (r) are shown in Figs. 1 and
2. We present both the exact solutions (solid curves) obtained from numerical evaluations
as well as the approximated results (dash-dotted curves) in Eqs. (6.24) and (6.25). In
Fig. 1, given s = 0.1 and T = 300 ∼ 400MeV, the linear approximation works when
r < g2/(8pi3Ts) which corresponds to a distance shorter than 0.003 ∼ 0.004 fm. On the
other hand, the application of Eq. (6.25) requires r < g2|4s− 1|/(64pi3Ts2). Depending on
the temperature T , the linear approximation in Fig. 2 is most reliable in the region where
r < 0.013 ∼ 0.017 fm for s = 0.05 (left plot) and r < 0.00016 ∼ 0.00021 fm for s = 0.45
(right plot). In these figures, we choose the weak coupling g = 0.4 so that both g˜2 and |gˆ2s |
are much smaller than 1 as required. In addition, despite the above mentioned differences
in these two off-diagonal corrections, for small distance r, their absolute values both get
decreased with increasing r as suggested by Eqs. (6.24) and (6.25).
Figure 1. The rescaled ∆˜V 12,21QQ ≡ 6g−2∆V 12,21QQ as a function of r at different temperatures. The
weak coupling g = 0.4 and the background field s = 0.1. The solid curves correspond to the exact
solutions from Eq. (6.22) while the dash-dotted curves present the approximated results at small r
as given in Eq. (6.24).
According to Eq. (6.18), there is no off-diagonal correction ∆V ab,baQQ (r) existing in the
limit of vanishing background filed. However, this seems contradictory to Eq. (6.25). We
would like to point out that the application of Eq. (6.25) relies on the restriction |gˆ2s | =
g˜2|1 − 1/(4s)| ≪ 1. As a consequence, the weak coupling g can not be fixed to some
non-zero value when s→ 0. To guarantee a vanishing ∆V 13,31QQ (r) in this limit, instead, g2
should decrease to zero faster than s does.
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Figure 2. The rescaled ∆˜V 13,31QQ ≡ 6g−2∆V 13,31QQ as a function of r at different temperatures. The
weak coupling g = 0.4. The solid curves correspond to the exact solutions from Eq. (6.22) while
the dash-dotted curves present the approximated results at small r as given in Eq. (6.25). Left:
The background field s = 0.05. Right: The background field s = 0.45.
As shown in Eq. (6.2), the HQ potential associated with the diagonal gluons is a
periodic function of the background field since the q-dependence only shows up in the
periodic Bernoulli polynomials. Therefore, for any arbitrary s, our discussion does apply.
However, this is no longer true for the off-diagonal gluons due to the presence of the q-
dependent momentum P abµ . For the values of s larger than 1/2, although the explicit forms
of the gluon self-energy may differ from Eq. (6.23), the evaluation of Eq. (6.22) can be
carried out in a similar way as above. It is worth to mention that both Π12,2100 (p0 = 0) and
Π13,3100 (p0 = 0) become positive in this case, as a result, inserting gluon self-energy leads
to an enhanced screening effect in a holonomous plasma. On the other hand, the static
gluon self-energy Πab,ba00 (p0 = 0) gets suppressed with increasing s
9 and the resummation
for off-diagonal gluons turns to be negligible when the background field is very large.
7 Summary and Outlook
In this work, we have computed the resummed gluon propagator in a QCD plasma with
non-zero holonomy which was realized by introducing a classical background field for the
vector potential A0. Being crucial for many processes with soft momentum exchange, the
resummed propagator was obtained through the Dyson-Schwinger equation where, as a
necessary input quantity, the gluon self-energy in a holonomous plasma has been calculated
previously in a perturbation theory.
The transversality of the gluon self-energy in a constant background field is guaranteed
after including the so-called constrained contribution at one-loop order. As a result, the
resummed propagator for theN2−N off-diagonal gluons is formally analogous to that in the
perturbative QGP with zero holonomy. The difficulties exist in the color structure related
to the diagonal gluons. The double line basis, as extensively used before, is convenient to
compute in the presence of a background field. However, due to the over-completeness, the
9In Eq. (6.16), the value of the first square bracket is in the range of 0 and 1 and decreases with increasing
s while the second square bracket is finite and dominated by
∑
e
(
B2(q
ae) +B2(q
eb)
)
for large s.
– 23 –
N − 1 diagonal gluons are mixed in this basis and the propagator for each individual gluon
cannot be uniquely determined. Instead, we find the color summation of Pa,bD˜a,bµν (P ) is
the quantity that has a definite expression in which all the background field dependences
can be cast into the determinants of a series of matrices and the corresponding evaluation
turns to be rather complicated when N is large.
We also discussed the static limit of the obtained resummed propagators which gives us
an insight into the screening effects in such a holonomous plasma. For the diagonal gluons,
we find a weaker screening when comparing with that in the perturbative QGP. When the
background field is small, the resulting HQ potential remains the standard Debye screened
form with a modified screening mass as given by Eq. (6.7). For an arbitrary background
field, we take SU(3) as an example to show how the exact form of the HQ potential could
differ from the exponentially screened one. On the other hand, due to the dependence on
the gauge fixing parameter, the analysis on the screening effects for off-diagonal gluons was
made by investigating the gluon self-energy corrections to HQ potential determined by the
bare propagator. In principle, these corrections have to be evaluated numerically which,
unlike the diagonal gluons, are not periodic functions of the background filed and become
negligible when Qab is large. Under certain constraint conditions, analytical expressions
of such corrections as shown in Eqs. (6.24) and (6.25) have also been obtained for SU(3).
It turns out that depending on the values of the background field, the insertion of the
gluon self-energy can either enhance or decrease the screening effect determined by the
bare propagator.
With a specified choice of the gauge fixing parameter, i.e., ξ = 1, from the phenomeno-
logical point of view, there also exists an exponentially screened potential associated with
the off-diagonal gluons in SU(3) where the modified screening mass shows qualitative dif-
ferences from the mass defined for the diagonal ones. The former is a modification on
the screening mass mabD determined by the bare propagator while the later is on the usual
perturbative Debye mass mD. In addition, the modification for the diagonal gluons is given
by a power series in the background field s. For the off-diagonal gluons, it is given by that
in the weak coupling g instead.
Given the gluon self-energy that computed in the framework of perturbation theory,
screening effect from the diagonal gluons behaves quite differently from the off-diagonal
gluons as we have shown in this work. The reason is probably related to the unexpected
discontinuity in the resummed propagator for off-diagonal gluons when the background
field q → 0. Previous works involving the utilization of the resummed gluon propagator in
a holonomous plasma need to be reassessed with special attention paid to the validity of
the assumptions and simplifications used therein. On the other hand, as already mentioned
before, if the anomalous term ∼ Kab,cd(q) that caused this discontinuity could be removed
by some non-perturbative means, the static gluon self-energy would acquire a non-zero
value in the limit of vanishing background field and the off-diagonal gluons are expected
to show a similar screening behavior as the diagonal ones. This is certain an interesting
direction in the study of a holonomous plasma that is worth to be investigated in the
future.
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A Resummed gluon propagator in SU(3)
In this appendix, we will present the calculation of the resummed gluon propagator D˜a,bµν (P )
in SU(3) under the special constraint∑
e
D˜e,cµν (P ) = 0 , (c = 1, 2, 3) . (A.1)
Starting from Eq. (5.12) with c = 1, we have the following equations

A2,2(X 2,1 − X 1,1) +A2,3(X 3,1 − X 1,1) = −1
3
A3,3(X 3,1 − X 1,1) +A3,2(X 2,1 − X 1,1) = −1
3
. (A.2)
The solutions of the above equations can be easily obtained

X 2,1 − X 1,1 = 1
3
A2,3 −A3,3
A2,2A3,3 −A2,3A2,3
X 3,1 − X 1,1 = 1
3
A2,3 −A2,2
A2,2A3,3 −A2,3A2,3
. (A.3)
In addition, setting a = 1 in Eq (5.16), the equations for X 1,2 −X 1,1 and X 1,3 −X 1,1 read

A2,2(X 1,2 − X 1,1) +A3,2(X 1,3 − X 1,1) = −1
3
A3,3(X 1,3 − X 1,1) +A2,3(X 1,2 − X 1,1) = −1
3
. (A.4)
SinceAa,b = Ab,a, it is obvious to see that X 1,2−X 1,1 = X 2,1−X 1,1 and X 1,3−X 1,1 = X 3,1−
X 1,1, namely, X 1,2 = X 2,1, X 1,3 = X 3,1. The solutions for other unknowns X a,c − X c,c,
Ya,c −Yc,c can be obtained by simply repeating the above procedure which we don’t show
here.
Adding the constraint X 1,1+X 2,1+X 3,1 = 0 to Eq. (A.3), the solutions for X a,1 with
a = 1, 2, 3 can be obtained as


X 1,1 = 1
9
A1,1 − 4A2,3
A2,2A3,3 −A2,3A2,3
X 2,1 = −1
9
A2,1 + 2A3,3
A2,2A3,3 −A2,3A2,3
X 3,1 = −1
9
A3,1 + 2A2,2
A2,2A3,3 −A2,3A2,3
. (A.5)
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The determination of other components of X a,b follows exactly the same way. For
example, impose the constraint X 1,2+X 2,2+X 3,2 = 0 on Eq. (5.12) with c = 2, then X a,2
with a = 1, 2, 3 are uniquely determined. In addition, we find that there exists a general
expression for X a,b which reads
X a,b = −2 P
a,b
∑′
e,f Ae,f +Aa,b∑′
e,f (Ae,eAf,f −Ae,fAe,f )
, (a, b = 1, 2, 3) . (A.6)
Given the above discussions, the determination of Ya,b is straightforward, we only list
the result for completeness.
Ya,b = −2p
4
0
P 4
Pa,b∑′e,f Be,f + Ba,b∑′
e,f (Be,eBf,f − Be,fBe,f)
, (a, b = 1, 2, 3) . (A.7)
Finally, the solutions for Za,b are unchanged as compared to the bare propagator. For
general SU(N), using the constraint
∑
e Z˜
e,c = 0, we have
Za,b = Pa,b ξ
P 4
. (A.8)
In terms of A˜a,b given in Eq. (5.23), the final expression for D˜a,bµν (P ) of SU(3) takes
the following form
D˜a,bµν (P ) =
1
P˜ 2
Pa,b − 2(1− P 2
P˜ 2
)(∑′
ef A˜e,fPa,b + A˜a,b
)
1− 2(1− P 2
P˜ 2
)∑′
ef A˜e,f + 6
(
1− P 2
P˜ 2
)2∑′
efg A˜e,fA˜g,e
Aµν(P )
+
p40/P
4
p˜20
Pa,b − 2(1− p20
p˜20
)(∑′
ef A˜e,fPa,b + A˜a,b
)
1− 2(1− p20
p˜20
)∑′
ef A˜e,f + 6
(
1− p20
p˜20
)2∑′
efg A˜e,f A˜g,e
Bµν(P ) + ξ
Pa,b
P 4
PµPν .
(A.9)
For zero background field, due to the vanishing A˜a,b, the diagonal gluon propagator becomes
D˜a,bµν (P, q = 0) =
(
1
P˜ 2
Aµν(P ) +
p40/P
4
p˜20
Bµν(P ) +
ξ
P 4
PµPν
)
Pa,b . (A.10)
We point out that with Eqs. (5.11) and (A.1), all the diagonal gluon propagators for
SU(3) are uniquely determined without resorting to Eq. (5.15). The obtained solutions
for D˜a,bµν is symmetric in color space, i.e., D˜
a,b
µν = D˜
b,a
µν , as a result, Eq. (5.15) is satisfied
automatically. In fact, we find that such a conclusion actually holds for general SU(N) if
the special constraint
∑
e D˜
e,c
µν (P ) = 0 with c = 1, 2, · · · N is adopted.
B Calculation of
∑
a,b Pa,bD˜a,bµν (P ) for general SU(N)
To make our presentation compact, we first introduce the following short-hand notations.
The N ×N matrix A in color space has the explicit form
A =


A1,1 A1,2 · · · A1,N
A2,1 A2,2 · · · A2,N
...
...
. . .
...
AN,1 AN,2 · · · AN,N

 , (B.1)
with
Aa,b =


P˜ 2 − 1
N
P˜ 2 + 2g2T 2ΠT (P )
∑
e
Bˆ2(q
ae) for a = b
− 1
N
P˜ 2 − 2g2T 2ΠT (P )Bˆ2(qab) for a 6= b
, (B.2)
where the definitions of P˜ 2 and Bˆ2(x) can be found in Eqs. (5.20) and (5.23), respectively.
In addition, A[a] is defined as a (N−1)×(N−1) matrix which is obtained by removing the
2N−1 elements in the ath row and ath column from A. Because∑eAe,c =∑eAc,e = 0, the
determinant of A vanishes. For the same reason, one can also show that the determinant
of A[a] is independent on the value of a where a = 1, 2, · · · , n. Furthermore, A[a]{b} is
used to denote a matrix that constructed by two successive steps. First, we replace the N
elements in column b of matrix A with −1/N , then, remove the 2N − 1 elements in the
ath row and ath column from the previous obtained matrix.
We start by considering the solutions for X˜ a,c+ X˜ c,a−X˜ a,a−X˜ c,c for general SU(N).
According to Eq. (5.12), we choose c to be some fixed value j and solve this equation for
the N − 1 unknowns X˜ a,j − X˜ j,j with a 6= j. Using the Cramer’s rule, the solution for one
specified unknown X˜ i,j − X˜ j,j is formally written as
X˜ i,j − X˜ j,j =
∣∣A[j]{i}∣∣∣∣A[j]∣∣ . (B.3)
Similarly, we choose a to be some fixed value i in Eq. (5.16) and the solution for X˜ j,i−X˜ i,i
reads
X˜ j,i − X˜ i,i =
∣∣A[i]{j}∣∣∣∣A[j]∣∣ . (B.4)
Summing up the above two equations, we have the following expression for X˜ i,j + X˜ j,i −
X˜ i,i − X˜ j,j
X˜ i,j + X˜ j,i − X˜ i,i − X˜ j,j = −
∣∣A[i,j]∣∣∣∣A[i]∣∣ = −
∣∣A[i,j]∣∣∣∣A[j]∣∣ , (B.5)
where we have used ∣∣A[j]{i}∣∣ + ∣∣A[i]{j}∣∣ = −∣∣A[i,j]∣∣ , (B.6)
and A[i,j] is a (N − 2)× (N − 2) matrix obtained by removing the 4N − 4 elements in the
ith and jth rows as well as the ith and jth columns from matrix A.
Although it is not very obvious, Eq. (B.6) can be straightforwardly obtained in the fol-
lowing way. Performing the sequential elementary row and column operations10 on A[i]{j},
Rj ↔ Rj−1, Rj−1 ↔ Rj−2, · · ·R2 ↔ R1, then Cj ↔ Cj−1, Cj−1 ↔ Cj−2, · · ·C2 ↔ C1, the
obtained matrix A[i]{j} has the same determinant as A[i]{j}. After similar transforma-
tions, Ri ↔ Ri−1, Ri−1 ↔ Ri−2, · · ·R2 ↔ R1, then Ci ↔ Ci−1, Ci−1 ↔ Ci−2, · · ·C2 ↔ C1,
A[j]{i} becomes A[j]{i} while the determinant also keeps unchanged. These two matrices
10Ra ↔ Rb stands for swapping rows a and b. The column operation Ca ↔ Cb is for swapping columns
a and b.
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A[i]{j} and A[j]{i} are identical except the elements in the first row. Therefore, we arrive
at the following equation∣∣A[j]{i}∣∣+ ∣∣A[i]{j}∣∣ = ∣∣A[j]{i}∣∣ + ∣∣A[i]{j}∣∣ ≡ ∣∣Asum∣∣ . (B.7)
The elements in the first row of the introduced (N − 1) × (N − 1) matrix Asum are given
by (Asum)1,a = (A[j]{i})1,a + (A[i]{j})1,a , (B.8)
with a = 1, 2, · · · , N − 1 while other elements are the same as A[j]{i} or A[i]{j}. Adding
rows 2 to N−1 to the first row,∑N−1i=1 Ri → R1, such an elementary row operation doesn’t
change the determinant of Asum and the resulting matrix is denoted as Asum. On the one
hand, due to
∑
eAe,c =
∑
eAc,e = 0, the only non-vanishing element in the first row of
Asum is
(Asum)1,1 = −1. On the other, after removing the elements in the first row and
column from Asum, the resulting (N − 2) × (N − 2) matrix is nothing but A[i,j]. Then it
is clear to see the validity of Eq. (B.6).
The determinants in Eq. (B.5) is not easy to compute for arbitrary N which depend
on the momentum P as well as the background field Acl0 . In this work, we are particularly
interested in the influence of the background field on the resummed gluon propagators,
therefore, it makes sense to eliminate the P -dependence in the determinants which as a
result will depend only on Acl0 . We find this is doable with the following two steps.
As shown in Eq. (C.2), there is a common term P˜ 2 appearing in
(A[i,j])a,a. With the
basic properties of the determinant of a matrix, the first step is to rewrite
∣∣A[i,j]∣∣ as
∣∣A[i,j]∣∣ = N−2∑
k=0
P˜ 2(N−2−k)Sˆ[i,j]k . (B.9)
In the above equation, Sˆ
[i,j]
k denotes a sum of the determinants which reads
Sˆ
[i,j]
k =
∑
a{k}
[i,j]
∣∣∣∣∣∣∣∣∣∣
Aˆa1,a1 Aˆa1,a2 · · · Aˆa1,ak
Aˆa2,a1 Aˆa2,a2 · · · Aˆa2,ak
...
...
. . .
...
Aˆak,a1 Aˆak,a2 · · · Aˆak,ak
∣∣∣∣∣∣∣∣∣∣
, (B.10)
whit the special case Sˆ
[i,j]
0 = 0. The shorthand notation a{k} has been defined in Sec. 5.2.
In addition,
∑[i,j] requires that summation indices a1, a2, · · · , ak can not be equal to the
specified values i or j when run from 1 to N . The k × k matrix Aˆ in the above equation
is given by
Aˆa,b = Aa,b − δabP˜ 2 . (B.11)
According to Eq. (5.18), in order to compute the quantity Pab,cdD˜ab,cd, we should
actually consider the sum
∑
i>j
∣∣A[i,j]∣∣ which can be written as
∑
i>j
∣∣A[i,j]∣∣ = N−2∑
k=0
P˜ 2(N−2−k)C 2N−kSˆk , (B.12)
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where C 2N−i is the binomial coefficient and Sˆk is differentiated from Sˆ
[i,j]
k only by the fact
that the set of indices a{k} now run from 1 to N . Accordingly, the upper-script of Sˆ
[i,j]
k
has been removed. When k = 0, we have Sˆ0 = 1.
Notice that every element in matrix Aˆ has a term −P˜ 2/N . The second step is to take
this term out from Sˆk and we can show∣∣∣∣∣∣∣∣∣∣
Aˆa1,a1 Aˆa1,a2 · · · Aˆa1,ak
Aˆa2,a1 Aˆa2,a2 · · · Aˆa2,ak
...
...
. . .
...
Aˆak ,a1 Aˆak,a2 · · · Aˆak,ak
∣∣∣∣∣∣∣∣∣∣
= − 1
N
P˜ 2
k∑
i=1
∣∣∣∣∣∣∣∣∣∣
A¯a1,a1 A¯a1,a2 · · · A¯a1,ak
A¯a2,a1 A¯a2,a2 · · · A¯a2,ak
...
...
. . .
...
A¯ak,a1 A¯ak,a2 · · · A¯ak,ak
∣∣∣∣∣∣∣∣∣∣
Ci→1
+
∣∣∣∣∣∣∣∣∣∣
A¯a1,a1 A¯a1,a2 · · · A¯a1,ak
A¯a2,a1 A¯a2,a2 · · · A¯a2,ak
...
...
. . .
...
A¯ak ,a1 A¯ak,a2 · · · A¯ak ,ak
∣∣∣∣∣∣∣∣∣∣
, (B.13)
where Ci → 1 indicates the replacement of all the elements in column i with 1 and the
matrix A¯a,b is defined as
A¯a,b = 2g2T 2ΠT (P )
(∑
e
Bˆ2(q
ae)δab − Bˆ2(qab)(1− δab)
)
. (B.14)
Because A¯b,a = A¯a,b and ∑e A¯e,c = 0, we can derive the following identity
∑
a{k}
k∑
i=1
∣∣∣∣∣∣∣∣∣∣
A¯a1,a1 A¯a1,a2 · · · A¯a1,ak
A¯a2,a1 A¯a2,a2 · · · A¯a2,ak
...
...
. . .
...
A¯ak,a1 A¯ak,a2 · · · A¯ak,ak
∣∣∣∣∣∣∣∣∣∣
Ci→1
= N
∑
a{k−1}
∣∣∣∣∣∣∣∣∣∣
A¯a1,a1 A¯a1,a2 · · · A¯a1,ak−1
A¯a2,a1 A¯a2,a2 · · · A¯a2,ak−1
...
...
. . .
...
A¯ak−1,a1 A¯ak−1,a2 · · · A¯ak−1,ak−1
∣∣∣∣∣∣∣∣∣∣
,
(B.15)
which leads to our final result for the determinant of A[i,j]
∑
i>j
∣∣A[i,j]∣∣ = P˜ 2(N−2) N−2∑
k=0
( 6
N
)k(
1− P
2
P˜ 2
)k
(N − k − 1)S˜k . (B.16)
As defined in Eq. (5.22), S˜k denotes a sum of determinants of matrix A˜ with A˜a,b =
A¯a,b/(2g2T 2ΠT (P )).The matrix element A˜a,b depends only on the background field and
vanishes when Acl0 = 0. As before, S˜0 = 1, therefore, only the term k = 0 contributes for
vanishing Acl0 .
The corresponding calculation of the determinant of A[j] in Eq. (B.5) can be carried
out in a similar way. As mentioned before, the determinants of A[a] for a = 1, 2, · · · , N are
all equal, so we have
∣∣A[j]∣∣ = 1
N
N∑
e=1
∣∣A[e]∣∣ = N−1∑
k=0
P˜ 2(N−1−k)
N − k
N
Sˆk
=
P˜ 2(N−1)
N
N−1∑
k=0
( 6
N
)k(
1− P
2
P˜ 2
)k
S˜k . (B.17)
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Given the above discussions, the calculation of Y˜ i,j+ Y˜j,i−Y˜ i,i−Y˜j,j becomes a trivial
repetition. After taking into account Eq. (5.17), it is straightforward to write down the
final expression for
∑
a,bPa,bD˜a,bµν (P ) which has been given in Eq. (5.21).
C Analytical results of the off-diagonal corrections to the heavy quark
potential due to the insertion of gluon self-energies
We consider SU(3) and parameterize the background fields as (s, 0,−s) with 0 < s < 1/2.
According to Eq. (6.22), we have
∆V 12,21QQ (r) = −
g2
6
∫
d3p
(2pi)3
eip·r∆D12,2100 (p0 = 0)
= −g
2Ts
6pir˜
∫ ∞
0
dp˜ sin(p˜r˜)
p˜3
(p˜2 + 1)2
( p˜2
p˜2 − g˜2( i2p˜ ln i+p˜i−p˜ − 1) − 1
)
, (C.1)
where the dimensionless variables p˜ and r˜ are defined as p˜ = p/(2piTs) and r˜ = 2piTrs,
respectively. In addition, g˜ = g/(2pi).
In general, the integration in Eq. (C.1) is not easy to perform due to the complicated
p˜-dependence appearing in the logarithmic function. On the other hand, one can expand
∆V 12,21QQ with respect to r˜ for very small quark pair separation and an analytical expression
can be obtained in the weak coupling limit. To do so, we split the integral interval into
the following two parts ∫ ∞
0
dp˜→
∫ 1/g˜2
0
dp˜+
∫ ∞
1/g˜2
dp˜ . (C.2)
For p˜ ≤ 1/g˜2, the phase factor sin(p˜r˜) can be approximated by p˜r˜ when r˜ is much smaller
than g˜2. In order to perform the integral in an analytical way, we consider the weak coupling
limit and expand the integrand with respect to g˜2. The leading order contribution reads
−g
2g˜2
6pi
Ts
∫ 1/g˜2
0
dp˜ p˜
−2p˜+ i ln i+p˜i−p˜
2(p˜2 + 1)2
=
g2g˜2
(1 + g˜4)24pi
Ts
[
− 3g˜2 + ig˜4 ln
(
1− 2i
i+ g˜2
)
+ (1 + g˜4)arccot(g˜2)
]
=
g2g˜2
48
Ts− g
2g˜4
6pi
Ts+ · · · , for g˜2 ≪ 1 . (C.3)
Notice that there is no r-dependence from the above equation because the higher oder
terms, like ∼ (p˜r˜)3 in the Tayler series of sin(p˜r˜) has been neglected. It is easy to show
that the r˜-dependent contribution appears at the order of ∼ g2g˜2r˜2.
For p˜ > 1/g˜2, the integrand(without the phase factor) in Eq. (C.1) can be expand
around p˜ = ∞ in the limit g˜ ≪ 1 and the leading order contribution takes the following
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form
g2g˜2
6pi
Ts
r˜
∫ ∞
1/g˜2
dp˜ sin(p˜r˜)
1
p˜3
=
g2g˜2
6pi
Tsr˜
∫ ∞
r˜/g˜2
dt
sin t
t3
=
g2g˜2
24pi
Tsr˜
[
2(g˜2/r˜) cos(r˜/g˜2) + 2(g˜2/r˜)2 sin(r˜/g˜2)− (pi − 2Si(r˜/g˜2)
]
=
g2g˜4
6pi
Ts− g
2g˜2
24
Tsr˜ + · · · , for r˜/g˜2 ≪ 1 . (C.4)
In the above equation, the sine integral function Si(x) is defined as Si(x) =
∫ x
0 sin(t)/tdt.
Combing Eqs. (C.3) and (C.4), we arrive at
∆V 12,21QQ (r) ≈
g2g˜2
48
Ts− g
2g˜2
24
Tsr˜ , for r˜≪ g˜2 ≪ 1 ,
=
g4
192pi2
Ts(1− 4piTrs) . (C.5)
With redefinitions of the variables, rˆ = 2r˜ = 4piTrs, pˆ = p˜/2 = p/(4piTs) and gˆ2s =
g˜2(1− 1/(4s)), ∆V 13,31QQ (r) can be expressed as
∆V 13,31QQ (r) = −
g2
6
∫
d3p
(2pi)3
eip·r∆D13,3100 (p0 = 0)
= −g
2Ts
3pirˆ
∫ ∞
0
dpˆ sin(pˆrˆ)
pˆ3
(pˆ2 + 1)2
( pˆ2
pˆ2 − gˆ2s
(
i
2pˆ ln
i+pˆ
i−pˆ − 1
) − 1) , (C.6)
Comparing with Eq. (C.1), the corresponding analysis of ∆V 13,31QQ (r) can be carried out in
a similar way. Up to the linear order in rˆ, the result is given by
∆V 13,31QQ (r) ≈
g2gˆ2s
24
Ts− g
2gˆ2s
12
Tsrˆ , for rˆ ≪ |gˆ2s | ≪ 1 ,
=
g4T
384pi2
(4s− 1)(1 − 8piTrs) . (C.7)
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